Abstract. The present article is devoted to the construction of a unified formalism for Palatini and unimodular gravity. The basic idea is to employ a relationship between unified formalism for a Griffiths variational problem and its classical Lepage-equivalent variational problem. As a way to understand from an intuitive viewpoint the Griffiths variational problem approach considered here, we may say the variations of the Palatini Lagrangian are performed in such a way that the so called metricity condition, i.e. (part of) the condition ensuring that the connection is the Levi-Civita connection for the metric specified by the vielbein, is preserved. From the same perspective, the classical Lepage-equivalent problem is a geometrical implementation of the Lagrange multipliers trick, so that the metricity condition is incorporated directly into the Palatini Lagrangian. The main geometrical tools involved in these constructions are canonical forms living on the first jet of the frame bundle for the spacetime manifold Å . These forms play an essential rôle in providing a global version of the Palatini Lagrangian and expressing the metricity condition in an invariant form; with their help, it was possible to formulate an unified formalism for Palatini gravity in a geometrical fashion. Moreover, we were also able to find the associated equations of motion in invariant terms and, by using previous results from the literature, to prove their involutivity. As a bonus, we showed how this construction can be used to provide a unified formalism for the so called unimodular gravity by employing a reduction of the structure group of the principal bundle ÄÅ to the special linear group ËÄ´Ñµ Ñ dim Å .
Introduction
The search of a Hamiltonian setting for General Relativity has a long and distinguished history. Among the first works dealing with this problem, we can mention [PS50, PSS52, AB51] and the works from Dirac [Dir58a, Dir58b] . A coordinate-free formulation appeared in 1962 with the groundbreaking work of Arnowitt, Deser and Misner (a reprinting of this article can be found in [ADM04] ). For a modern account, see for example [Boj10, Poi04, Thi08] and references therein. However, as these pictures require of a ¿ · ½-decomposition of space-time, they tend to hide the full covariance of the theory.
From a general viewpoint, the so called multisymplectic description of field theory was developed as a way to preserve this covariance (see [Ded53, Kij73, KT79, CCI91, GIM04, HK04, GMS97, Hél09] and references therein). The formulation of general relativity from this geometrical viewpoint, both in the Lagrangian and the Hamiltonian realm, was carried out in several places (we can mention, for example, [VCB05, VCB06, LMM14, IS16] ); a purely multisymplectic formulation was given in [Vey15] .
Nevertheless, the singular nature of the Lagrangians associated to field theory requires special techniques in order to succesfully construct the Hamiltonian counterpart of a variational problem. A way to overcome these problems is by means of the so called Skinner-Rusk or unified formalism [dLMM03, ELM · 04, PMRR14, CV07] . Relevant features of this formulation are:
In it, both the velocities and the momenta are present as degrees of freedom, and in the underlying variational problem, the variations of the velocities are performed independently of the variations of the fields.
The present work continues the exploration of geometrical formulations of the Lagrangian and Hamiltonian versions of General Relativity (GR from now on). More specifically, it deals with a unified formalism [BLEEdD · 07, ELM · 04, Vit10] for Palatini version of GR, pursuing the work initiated in [GRR17] for Einstein-Hilbert action. Also, a novel unified version of unimodular gravity is obtained as a by-product of the geometrical tools employed in the article.
Our starting point will be the Griffiths variational problem considered in [Cap14] for Palatini gravity; this variational problem can be considered as an alternative Lagrangian version for the formulation of vacuum GR equations in terms of exterior differential systems, as it is given for example in [Est05] . The method chosen for the construction of the unified formalism comes from the work of Gotay [Got91a, Got91b] , and it consists into the employment of a classical Lepageequivalent variational problem (in the sense defined by Gotay in these works) as a replacement for the Griffiths variational problem at hands. The new problem becomes a particular instance of the Ñ-phase space theory in the sense of Kijowski [Kij73] .
Roughly speaking, a Griffiths variational problem is a variational problem in which the variations are selected to preserve a specific relationship between the involved fields; in the particular case of Palatini gravity, the degrees of freedom are a moving frame and a connection, and they can be interpreted as forming an element in the jet bundle of the frame bundle (see Equation (2) and Theorem 17 below). In this setting our variations will be performed in such a way that the connection is always the Levi-Civita connection for the metric associated to the vielbein. It will be achieved here by assuming the metricity condition as the basic constraint; this condition is equivalent to the annihilation of the so called nonmetricity tensor, as it appeared in [Ker78] (for a more explicit explanation on this, see Section 3.1). It should be stressed that this condition is weaker than the most common restriction found when working with variational problems on a jet space, namely, the set of constraints imposed on the fields by the contact structure (see Section 2). On the other hand, the classical Lepage-equivalent is a geometrical construction equivalent to the well-known "Lagrange multiplier trick", where the constraints on the fields are incorporated as terms into the Lagrangian of the theory. For articles employing this trick, see [Ray75, SE76, Ker78] , although in these references the components of the metric tensor instead of vielbeins are used as degrees of freedom besides connection variables. Through it, we will be able to find a unified formulation for Palatini and unimodular GR.
In more geometrical terms, the definition of classical Lepage-equivalent problem goes as follows:
We begin with a bundle Ô Å with Ñ Ñ Å, an Ñ-form on and a set of restrictions encoded as an exterior differential system Á on [Kam00, Bry11, IL03, BCG · 91]; furthermore, it is necessary to admit that Á is locally generated by sections of a subbundle Á ¯´Ì £ µ. Under these assumptions, Gotay showed in the previously cited works how to construct another variational problem, its classical Lepage-equivalent problem, whose underlying bundle is the affine subbundle of forms Ï ´ · Áµ Ñ´Ì £ µ and where the new Lagrangian form is calculated as the pullback of the canonical Ñ-form on Ñ´Ì £ µ to Ï . The degrees of freedom along the fibers of Á play the rôle of Lagrange multipliers, and the Lagrangian of the theory is recovered through the pullback construction described above. It is possible to show that in this new variational problem, any extremal of the Lepage-equivalent problem projects onto extremal sections of the original variational problem; in the language used in [Got91a] , it is said that the classical Lepage-equivalent problem is covariant
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. However, there is no general proof of the contravariance of a Lepage-equivalent variational problem, namely, the fact that every critical section of the original variational problem can be lifted to a critical section of the Lepage-equivalent, and so it must be proved in each case separately.
A key feature of the previous scheme is that, when
is a Lagrangian density and the exterior differential system Á is the contact structure in Â ½ , the classical Lepage-equivalent problem yield to the unified formalism as it is described in [ELM · 04]. Thus, for setting a suitable unified formalism for Palatini gravity, we will apply the Gotay scheme; this brings us to the problem of constructing a classical Lepage-equivalent problem for the Griffiths variational problem considered in [Cap14] , and to show its contravariance. Part of the present article is devoted to this task. In the final part we will show how to obtain the equations of motion from the formalism, and how the existence of a fundamental volume form gives rise to a unified formalism for unimodular gravity.
The organization of the paper is the following: In Section 2 the geometrical tools and conventions to be employed throughout the article are introduced, as well as the relevant definitions regarding Griffiths variational problems and its classical Lepage-equivalents. The canonical forms on the jet space of the bundle of frames are also introduced in this section. The unified formalism for Palatini gravity is described in Section 3, where a discussion about the metricity constraint is carried out. To work with the equations of motion of the unified formalism requires the choice of a basis for the vertical vector fields of the underlying bundle. To this end is devoted Section 4: The selection of a connection on ÄÅ allows us to construct a basis on ÄÅ, and its elements are lifted to the jet space through the canonical lifts. In the first part of Section 5 the existence of a direct product structure on the bundle of forms belonging to the basic bundle of the unified formalism is used to find a basis of vector fields on this bundle, suitable to work with the equations of motion. The equations of motion are explicity written in the final part of this section, and its involutivity analised. Finally, an unified formalism for unimodular gravity is discussed in Section 6.
Geometrical preliminaries
The spacetime manifold will be indicated with Å, and it will have dimension Ñ. Throughout the article, lower case latin indices will set the metric on R Ñ . It should be stressed that there is nothing special in the signature chosen for , and that the results reached in the article will work for any other signature.
The matrix determines a Lie algebra
which is a compact real form for the complexification gl´Ñ Cµ gl´Ñµ ª R C. Another way to define this compact form is through the involution 
There exists some facts related to this decomposition which could be useful when dealing with gl´Ñµ-valued forms. First of all, given AE a manifold and ¾ ª Ô´AE gl´Ñµµ, we will define
if is the expression of in terms of the canonical basis of gl´Ñµ, then we will have that
Additional properties for this decomposition can be found in Appendix A.2. We will make extensive use of jet bundle theory throughout the article, as it is presented in [Sau89] . Thus, associated to every bundle In the construction of the classical Lepage-equivalent problem associated to a given Griffiths variational problem it will be also necessary to have at our disposal some facts regarding spaces of forms on a fiber bundle Å. For every Ð, the set of -horizontal Ð-forms on is defined
We will indicate with Ð Ð ´Ì £ µ¸ Ð´Ì £ µ the canonical immersions. The canonical Ñ-form ¢ on Ñ´Ì £ µ is defined by the expression
Further properties of this form can be found in Appendix A.3. We will also set 
In terms of these coordinates one has
2.1. Griffiths variational problems. These kind of variational problems were considered by Griffiths in [Gri82] , and have been employed in geometry [Hsu92, SS16, BG86] and mathematical physics [MN07, Mak16] . The essential data for the construction of this version of variational theory is the following:
A fiber bundle Ô Å.
An Ñ-form ¾ ª Ñ´ µ, the Lagrangian form. An exterior differential system (EDS from now on) Á ¾ ª¯´ µ, that is, an ideal in the exterior algebra of that is closed by exterior differentiation.
Remark 2. For first order Lagrangian field theory, the bundle is set to be the jet bundle Â ½ associated to a bundle Å, the Lagrangian form is in general a horizontal form Ä £ ½ ,
and is a volume form on Å. In this case, the EDS becomes the contact structure of Â ½ . Remark 4. We will assume the existence of these integrals as granted. Let us fix some integer such that
We define the affine subbundle Ï Ñ´Ì £ µ with the formula
is the fiber composed of the -horizontal Ñ-forms of Á at Ô ¾ . Also, we define the Ñ-form ¢ as the pullback of the canonical Ñ-form ¢ ¾ ª Ñ´ Ñ´Ì £ µµ to Ï , and ª ¢
We will indicate with Ï the canonical projection of this subbundle of forms.
Definition 6 (Classical Lepage-equivalent variational problem). The classical Lepage-equivalent variational problem associated to´
Áµ is the variational problem´Ï ¢ ¼µ.
The following theorem allows us to write down the equations of motion for a Lepage-equivalent variational problem.
Theorem 7. For a variational problem´Ï ¢ ¼µ the following statements are equivalent.
It should be noted that the equations of motion of a classical Lepage-equivalent variational problem are easier to write down than the equations of motion of the original problem, because the latter involves the EDS Á, that restricts in a non trivial manner the allowed sections, whereas the former is a variational problem with this EDS set to ¼. Nevertheless, there is in principle no relationship between the critical sections of these variational problems. The following result partially fills this gap.
Proposition 8. Any critical section for´Ï ¢ ¼µ projects onto a critical section of´
Áµ.
For a proof, see [Got91a] . So, it remains to prove if every critical section of the original variational problem´ Áµ can be lifted to a critical section of´Ï ¢ ¼µ; there is no general result regarding this problem, so it is necessary to prove it in each case separately. This fact deserves a proper name. 2.3. Geometric structures on the jet space of the frame bundle. Before to introduce our version for the unified formalism, it is necessary to point out some interesting geometric structures associated to the jet bundle of the frame bundle of a given manifold
In the case of the Griffiths variational problem describing Palatini gravity, the underlying bundle is Â ½ , shown in the following diagram
t t t t t t
The novelty in our approach rests in the fact that it uses canonical structures of the Ä´Ñµ-principal 
The unified formalism for Palatini gravity
We are now ready to define an unified formalism for vacuum GR with vielbein. From the discussion of Section 2.2, we know that a way to do it involves a two-steps procedure, namely:
(1) To set a Griffiths variational problem for this theory, and (2) to construct the classical Lepage-equivalent variational problem for this variational problem, proving also that it is a contravariant Lepage-equivalent in the sense of Definition 9. As we know, a Griffiths variational problem describing vacuum Palatini gravity exists [Cap14] . In short, it is the variational problem specified by the triple
and Á È is generated by the set of forms
Ü × ¾ Â ½ , will define the bundle we were looking for; we will call Ä Ï Ä Â ½ to the canonical projection.
Remark 12. In rigor, the Griffiths variational problem we are dealing with here is not the variational problem considered in [Cap14] , because we are discarding the torsion constraints in the definition of the EDS Á È adopted here. The reason for doing it is that we will ultimately find that the new variational problem also reproduces vacuum GR equations of motion (see Equation (15) below), and in this way we are avoiding to deal with a constraint that does not live in the exterior algebra (when considered on Â ½ , these constraints are equivalent to the annihilation of a set of functions on Â ½ , Let Ã Ä´Ñµ be the compact group whose Lie algebra is k. The previous identification (2) allows us to establish the bundle isomorphism
where ℄ ¦ Å is the bundle of metrics of signature´Ñ ½ ½µ on Å; therefore, we recall the following result from [Cap14] . Remark 18. The validity of the previous theorem is independent of the signature of the matrix ; the signature in the statement was chosen for its relationship with the usual signature found in general relativity.
Remark 19. The metricity form É · is the corresponding concept in our approach to what was called nonmetricity tensor in [Ker78] .
3.2. Some consequences of the structure equations. We will gather some identities from [Cap14] , useful when dealing with differentials of the canonical forms we work with here. First, we have the structure equations · ª · Ì and its differential consequences, the so called Bianchi identities
We will use these structure equations on order to calculate the differential of the Palatini Lagrangian Ä È . In fact, we have that
Also, there is a consequence of the first Bianchi identity that will become important later. According to Theorem 7, in order to be able to write down the equations of motion for the unified formalism just constructed, it is necessary to contract arbitrary vertical vector fields with the differential of the form È on Ï Ä . In this section we will define a basis for Ì Â ½ that will allow us, in Section 5.3, to carry out this procedure. The existence of this basis is tied to the choice of a connection on the frame bundle ÄÅ; nevertheless, the fact that in the calculation of the equations just vertical vector fields are involved, determines that these equations are independent from this choice.
The construction of this basis goes as follows: The chosen connection is employed in the definition of a basis on ÄÅ. After that, using the canonical lifts and other tools at our disposal in any jet bundle [Sau89], we will be able to find a basis on Â ½ . Finally, and using an identification of the velocity-multimomentum bundle with a product bundle involving Â ½ (see Section 5.1), it will be possible to use this basis in the calculation of the equations of motion.
A word of caution should be said here: as we said before, the equations of motion for the unified formalism can be written using only the vertical part of the basis to be built in the present section.
However, we feel that the construction of a full basis on Â ½ could be of interested for the readers, even if it makes the article a little longer and harder to read.
4.1. Basis on ÄÅ. Let us fix a linear connection ¾ ª ½´Ä Å gl´Ñµµ; also, we must recall the construction of the standard horizontal vector field corresponding to ¾ R Ò [KN63] . This vector field ´ µ is characterized by two properties:
It is a horizontal vector field, and Ì Ù ´ ´ µµ Ù´ µ for every Ù ¾ ÄÅ. 
½-form
; therefore, we can generalise the previous vertical lift construction by using these forms, namely
In local terms it becomes
The brackets between these lifts have a particular structure. Please note that the contraction of these forms with the infinitesimal generators of the Ä´Ñµ-action on Â ½ can be calculated using using Corollary 39; in fact, from there we conclude that Remark 23. The fact that these functions cannot be described in terms of is consequence of the proposition we will formulate below; in short, the functions encode information about the covariant derivative of respect to the connection , if we consider as a section 
The velocity-multimomentum space Ï Ä and its canonical form
As we explained at the beginning of the previous section, it is time to write down the equations of motion associated to our unified formulation of Palatini gravity, as it is was formulated in Section 3.
Before that, it will be necessary to simplify somewhat the bundle Ï Ä ; it will be achieved achieved by taking into account that the restriction EDS Á PG has global generators. As a consequence, Ï Ä will become isomorphic to a product bundle on Â ½ , and so it will be possible to lift the elements of the basis in order to be part of a basis of Ï Ä . Using Equation (6) from Section 3.2, we have that
Now, recalling the discusion of Appendix A.2, we have that 
Replacing these identities in the previous expression for Ä , it becomes
It is interesting to rearrange some terms, and put them in the following form
Remark 27. We will note that the canonical form on ¾ is Ë £´Ñ µ-valued, and that it is also Ä´Ñµ-equivariant; thus let us define
Then the tautological property of the canonical forms allows us to set the following result.
Lemma 28. For ¬ ¾ ª Ñ ½´ ¾ µ, we have that ¬ ¬ £ ¢ Ñ ½ ¡ is the exterior covariant differential of the form ¬ respect to the canonical connection .
This lemma gives us a hint on the interpretation of some terms present in Equation (11) Contraction with vector fields of the form´ Ö ´ × Ø µ ÄÅ µ Î will give us
where in the last step Equation (12) was used. It is equivalent to equation (14), we obtain ¼, as required.
As a consequence, the equations of motion associated to these vertical vector fields will be (15)
Ì ¼ ¢ Ð
As we promised, torsion constraint is recovered from a variational problem involving only the metricity condition. Moreover, the fact that the multimomenta ¢ vanish means in particular that the Lepage-equivalent problem constructed in Section 3 for the Griffiths variational problem
Let us consider now contractions of the differential Ä with vector fields of the form Â ½ ·¼,
that does not give rise to additional restrictions. It was expected, because Ä È and the forms that define the metricity condition are invariant for the k-action.
Finally, we have to consider contractions with elements Â ½ · ¼ for ¾ p; we obtain in this case
Let us show that this system is equivalent to Einstein's equations in vacuum; for this, it is necessary to consider that, on a solution, we can write down
where the standard notation ª ª Ð Ð ª ª was employed. Now, from Equation (16) and taking into account that ª Ð is the Riemann tensor of a Levi-Civita connection, it results that ª ª , we must conclude that ª ½ ¾ ª ¼ as required.
5.4. Constraint algorithm. Successful field theory formulations should provide not only the equations of motion, but also the set of conditions ensuring that these equations are involutive. The additional procedures intended to extract this set of conditions ("constraints", as they are usually called) are unsurprisingly dubbed "constraint algorithms" [dLMSM96, dLMSM · 05]. It is the purpose, for example, of Proposition ¾ in [GRR17] in the realm of the unified formalism for EinsteinHilbert gravity. The constraint algorithm we will follow here is the one formulated in [CC13] , where it was referred to as Gotay algorithm (see also [Est14] ). In short, this is essentially Cartan algorithm [Har97, IL03] for the first prolongation of the EDS Â shown below (see Equation (17)); the set of constraints are thus obtained by annihilating the torsion of the sucessive prolongations. It means in particular that if the first prolongation of Â is involutive, no further constraints will arise, and it will become involutive. As we mentioned above, the equations of motion for the premultisymplectic system are represented by the exterior differential system
The form ª Ð Ð comes from the first Bianchi identity; also, from constraint p ¼ it results that ª takes values in k.
The involutivity of this system would imply that every Ñ-plane on Ï Ä annihilating Â and such that ¼ ¼ is the tangent space for some solution of the field equations, and so no further constraint would appear. We know that Einstein's equations, at least in dimension , are involutive (see [Kru10, Est05] and references therein). Although it does not necessarily imply that the EDS Â is involutive, it will imply that its first prolongation Â´½ µ does. In order to prove it, we need to we have no additional constraints, and the constraint algorithm must stops.
Remark 30. Equation (18) is another proof fo the fact that the equations of motion obtained in this article are equivalent to those in [Cap14] .
Unified formalism for unimodular gravity
It is interesting to note that the same scheme is useful when dealing with unimodular gravity [AF71, AGM15] . Recall that in this formulation, the space-time is endowed with a volume form, dubbed fundamental form. In this case, and using the fact that in this formulation of relativity the fundamental volume form is conserved, we must consider a reduction of ÄÅ to a subbundle ÍÅ with structure group ËÄ´Ñµ [KN63] . This reduction consist into the elements of ÄÅ which are constant when contracted with the fundamental form, and its structure group becomes ËÄ´Ñµ.
Because sl´Ñµ consists into the traceless elements of gl´Ñµ, the decomposition carried out in Section A.2 induces a decomposition sl´Ñµ k¨p ¼ where p ¼ is the set of traceless elements in p. Thus we have a embedding ÍÅ ÍÅ¸ ÄÅ that can be lifted to an embedding ½ ÍÅ Â ½ ÍÅ Â ½ , where ÍÅ ÍÅ Å is the restriction of to ÍÅ. Using this map it is immediate to pullback the canonical form and the canonical torsion from Â ½ to Â ½ ÍÅ , and thus we can formulate a Griffiths variational problem for unimodular Palatini gravity. This variational problem should be compared with the first order variational problem for unimodular gravity as it is found in [AGM15] : In our case the degrees of freedom we are working with admit in principle arbitrary connections, not restricted to be Lorentz, and this restriction is implemented a posteriori through the metricity condition.
Moreover, following the constructions above, we can find a unified formalism for unimodular gravity and deduce the same equations of motion when contracting the differential of the Lagrangian form for the Lepage-equivalent problem with the vertical vector fields ¼ · AE¬ ´ Ö ÍÅ µ Î · ¼ and Â ½ ÍÅ · ¼ for ¾ k. Now, besides the metricity condition, we have the equiaffinity condition
The main changes regarding these equations of motion are twofold:
(1) Equation (13) Proposition 33. Let ¾ ª Ò´AE gl´Ñµµ be a gl´Ñµ-valued Ò-form on AE. Then
Proof. We have that
for the k-projection, and
for the p-projection in the Ò odd case, and
when Ò is even, as required.
Remark 34. As we mention in the Remark 18, there is nothing special in the results of this section regarding the chosen signature. Everything could be proved with a more general signature´Ô Õµ, for Ô · Õ Ñ. Proof. It is necessary to recall the commutative diagram
Appendix B. Local expressions on Â ½ Let us recall some local expressions regarding canonical coordinates on Â ½ ; we are quoting almost word-to-word the Appendix ¿ of [Cap14] . 
